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The introduction of linguistic quantiﬁers has provided an important tool to model a large number of issues in intelligent
systems. Ying [M.S. Ying, Linguistic quantiﬁers modeled by Sugeno integrals, Artiﬁcial Intelligence 170 (2006) 581–606]
recently introduced a new framework for modeling quantiﬁers in natural languages in which each linguistic quantiﬁer is
represented by a family of fuzzy measures, and the truth value of a quantiﬁed proposition is evaluated by using Sugeno’s
integral. Representing linguistic quantiﬁers by fuzzy measures, this paper evaluates linguistic quantiﬁed propositions by the
Choquet integral. Some elegant logical properties of linguistic quantiﬁers are derived within this approach, including a pre-
nex normal form theorem stronger than that in Ying’s model. In addition, our Choquet integral approach to the evaluation
of quantiﬁed statements is compared with others, in particular with Ying’s Sugeno integral approach.
 2007 Elsevier Inc. All rights reserved.
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It is well-known that quantiﬁcation is a very important topic in knowledge representation and reasoning
[18,28], since quantiﬁers have the ability of summarizing the properties of a class of objects without enumer-
ating them [1,40]. Linguistic quantiﬁcation models are employed in coping with problems such as data sum-
marization [36], database querying [13], information fusion [17], decision making [14,21,34,36], expert systems
[21], etc. Accordingly, linguistic quantiﬁcation has attracted a good deal of attention from researchers.
Due to the limited expressive ability of the ﬁrst order logic only with the universal quantiﬁer ð8Þ and the
existential one ð9Þ, a general notion of generalized quantiﬁer [23] was introduced by Mostowski as early as
in 1957. Since then, a number of literature [2,15,19,31,32] have been devoted to the studies of generalized
quantiﬁers from logical or linguistic aspects.
Quantiﬁed sentences are used in a large number of applications for representing assertions and/or restric-
tions about the number or percentage of objects that verify a certain property. These assertions and/or restric-0888-613X/$ - see front matter  2007 Elsevier Inc. All rights reserved.
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tried to deﬁne a mathematical model for the representation of this knowledge in the ﬁeld of AI by using
the theory of fuzzy sets [6]. Zadeh ﬁrst introduced fuzzy quantiﬁers [41,42] in natural languages, which are
typiﬁed by terms several, most, much, not many, very many, not very many, few, quite a few, large number, small
number, close to ﬁve, approximately 10, frequently, etc. According to Zadeh, fuzzy quantiﬁers, which relate
close to the cardinalities of fuzzy sets, were considered as fuzzy numbers. Moreover, the truth value of a lin-
guistically quantiﬁed statement is obtained by calculating the cardinality of the fuzzy set determined by the
fuzzy predicate and then ﬁnding the compatibility between this cardinality and the involved quantiﬁer. Since
then, a large amount of investigations [1,4,6,7,10,11,27,33,35–40] relating to linguistic quantiﬁers have been
made based on fuzzy set theory. For example, Yager [35] used ordered weighted averaging (OWA) operators
for the evaluation of quantiﬁed propositions. For an overview of fuzzy quantiﬁers, see [20,21].
A novel approach to model linguistic quantiﬁers was proposed by Ying [39,40] based on fuzzy measures
and Sugeno’s integrals. More precisely, a fuzzy quantiﬁer Q is seen as a family of fuzzy measures indexed
by nonempty sets. For each nonempty set X, the quantiﬁer Q limited to the discourse universe X is deﬁned
to be a fuzzy measure QX on X, and for any subset E of X, the quantity QX ðEÞ expresses the truth value of
the quantiﬁed statement ‘‘QXs are As” when A is a crisp predicate and the set of elements in X satisfying
A is E. As is well known, predicates in linguistically quantiﬁed statements are often vague, and intuitionally,
quantiﬁers relate to the concept of cardinality of sets, which indicates the quantity or counting number of a
given set. Then the truth value of a quantiﬁed proposition is evaluated by using Sugeno’s integral [40].
From a formal point of view, the Choquet integral and the Sugeno integral diﬀer only with the operators
used in their deﬁnition; respectively, þ; and _;^. Nevertheless, they are very diﬀerent in essence, since the
Sugeno integral is more adapted to qualitative problems and the Choquet integral is better suited for quan-
titative problems [12]. It is natural to consider whether the Choquet integral, which is widely used as an aggre-
gation operator in multi-criteria decision making, economics and game theory, could establish the
corresponding framework.
Hence in this paper, linguistic quantiﬁers are still represented by fuzzy measures, but the truth value of a
quantiﬁed proposition is evaluated by using the Choquet integral. This model enables us to have some nice
logical properties of linguistic quantiﬁers diﬀerent from those in [40]. More precisely, according to the ﬁrst
order language with linguistic quantiﬁers constructed in [40], we present its semantics based on the Choquet
integral, then we carefully investigate its logical properties, including prenex normal form theorem (see Cor-
ollary 4.2) which is stronger than that in [40] (see Remark 4.4). Moreover, our model fulﬁlls most of the
desired properties in fuzzy quantiﬁcation (see Section 2 for the desired properties), thus illustrating the reason-
ableness of our Choquet integral semantics of linguistic quantiﬁers.
The remainder of this paper is organized as follows. In Section 2, we ﬁrst present a list of desired properties
in fuzzy quantiﬁcation, then review some existing models for fuzzy quantiﬁcation and how these models satisfy
the desired properties. Section 3 is devoted to presenting some concepts and results of fuzzy measures, fuzzy
quantiﬁers and Choquet integrals. In Section 4, according to the ﬁrst order language with linguistic quantiﬁers
given in [40], we present its semantics based on the Choquet integral. We carefully investigate logical proper-
ties of linguistic quantiﬁers and how this model fulﬁlls the desired properties for fuzzy quantiﬁcation. In Sec-
tion 5, our Choquet integral approach to the evaluation of quantiﬁed statements is compared with others, in
particular with Ying’s Sugeno integral approach. Section 6 concludes the present paper and point out some
problems for further practical and theoretical studies.
2. Some previous work on fuzzy quantiﬁcation for type I propositions
Appropriate properties for fuzzy quantiﬁcation were presented in [1,6,8]. Here we consider the most rele-
vant desired properties [1]: independence of order in the elements of the referential, induced operators, coherence
with fuzzy logic, correct generalization, quantiﬁers monotonicity, local monotonicity, time-eﬃcient, convexity,
continuity or smooth behavior, type II to type I transformation, external negation, antonym, duality and
decomposition.
Usually, there are two types of fuzzy quantiﬁed statements, namely, type I proposition of the form ‘‘QXs
are As” and type II statement of the form ‘‘QDs are As”, where X is the discourse universe, Q is a fuzzy quan-
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quantiﬁers, in this paper we only consider type I propositions with increasing quantiﬁers (see Remark 3.1).
Let us now consider the main approaches to fuzzy quantiﬁcation for type I propositions. Given a quantiﬁed
proposition of type I ‘‘QXs are As”, with X ¼ fx1; . . . ; xng a ﬁnite crisp set, Q a fuzzy quantiﬁer, and A a fuzzy
set over X, the following are some existing methods to evaluate this type of quantiﬁed propositions.
2.1. Zadeh’s sigma-count approach
Fuzzy quantiﬁers were ﬁrst introduced by Zadeh [42] and distinguished as absolute and relative quantiﬁers.
An absolute quantiﬁer is represented by a function Q from an integer range to [0,1], whereas a relative quan-
tiﬁer is a mapping Q from [0,1] to [0,1]. Examples of the former one are much more than 10, a great number of,
close to 100, etc., while those of the latter are most, little of, about half of, etc. Here we present Zadeh’s quan-
tiﬁcation method based on the non-fuzzy cardinality sigma-count.
For relative quantiﬁers, the truth evaluation isT ðAÞ ¼ Q CðAÞ
n
 
where CðAÞ is the sigma-count of A deﬁned asCðAÞ ¼
Xn
i¼1
AðxiÞ:The sigma-count may be weighted, that is,CðA;wÞ ¼
Xn
i¼1
wiAðxiÞwhere w ¼ ðw1; . . . ;wnÞ is an n-tuple of nonnegative real numbers.
For absolute quantiﬁers, the evaluation isT ðAÞ ¼ Qð½CðAÞÞ
where ½CðAÞ is the integer part of the real number CðAÞ.
As pointed out in [1], this method does not fulﬁll the properties of induced operators, coherence with fuzzy
logic and continuity. Moreover, due to the
P
operation, this model produces an ‘‘accumulative” eﬀect.
2.2. Yager’s OWA and non-OWA methods
Yager [35] used ordered weighted averaging (OWA) operators for the evaluation of monotonic quantiﬁed
propositions. An OWA operator of dimension n is a mapping f : Rn ! R with an associated n vector
W ¼ ðw1; . . . ;wnÞT such that:
(1) wi 2 ½0; 1 for all 1 6 i 6 n;
(2)
Pn
i¼1wi ¼ 1;
(3) for each ða1; . . . ; anÞ 2 Rn, f ða1; . . . ; anÞ ¼
Pn
j¼1wjbj where bj is the jth largest of the ai. In [35], Yager
only considered the case of relative and non-decreasing quantiﬁers satisfying Qð0Þ ¼ 0 and Qð1Þ ¼ 1.
The weights associated with the quantiﬁed proposition are obtained fromwi ¼ Q in
 
 Q i 1
n
 
; i 2 f1; . . . ; ng; Qð0Þ ¼ 0
and ai ¼ AðxiÞ.In [33], Yager proposed a non-OWA approach based on the Sugeno integrals. For absolute quantiﬁers, the
evaluation is
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_
FX
QðjF jÞ ^
^
x2F
AðxÞ
 !" #and for relative quantiﬁersT ðAÞ ¼
_
FX
Q
jF j
n
 
^
^
x2F
AðxÞ
 !" #where jF j denotes the cardinality of F. (Here and in the following, W and V denote supremum and inﬁmum
operations, respectively, when they are applied to numbers).
The properties of these two methods will be discussed in the following subsection.
2.3. Bosc and Lietard’s work based on the Sugeno and the Choquet integrals
In [4], Bosc and Lietard proposed a general view for the deﬁnition of quantiﬁed statements by using fuzzy
integrals. For absolute quantiﬁers, if we order the membership degrees to the fuzzy set A increasingly, then the
evaluations based on the Choquet integral and Sugeno integral are, respectively, as follows:T CðAÞ ¼
Xn
i¼1
AðxiÞðQðn iþ 1Þ  Qðn iÞÞandT SðAÞ ¼
_n
i¼1
ðAðxiÞ ^ Qðn iþ 1ÞÞwhere Qð0Þ ¼ 0, AðxiÞ 6 Aðxiþ1Þð1 6 i 6 n 1Þ. The evaluation for relative quantiﬁers is similar (it is just nec-
essary to turn every QðxÞ into Qðx=nÞ in each formula).
It is shown in [4,6] that Yager’s OWA and non-OWA methods are in fact equivalent to Bosc and Lietard’s
methods based on the Choquet integrals and the Sugeno integrals, respectively.
As pointed out in [6], the methods fulﬁll the properties of coherence with fuzzy logic, quantiﬁer monotonicity
and time-eﬃcient. In fact, the methods based on the Sugeno and the Choquet integrals are special cases of
Ying’s work [40] and our work in the present paper, respectively. Hence the remain properties of the methods
based on the Sugeno and the Choquet integrals (hence Yager’s OWA and non-OWA methods) coincide with
that of Ying’s and our work, respectively.
2.4. Delgado’s GD and ZS methods
In [6], Delgedo proposed the methods GD and ZS as generalizations of Bosc and Lietard’s Choquet integral
and Sugeno integral approaches, respectively.
The method GD belongs to the family G (see [6] for the detail), and its the evaluation isT ðAÞ ¼
Xn
i¼0
ðbi  biþ1ÞQðiÞfor absolute quantiﬁers, andT ðAÞ ¼
Xn
i¼0
ðbi  biþ1ÞQ in
 for relative quantiﬁers, where bið1 6 i 6 nÞ is the ith largest of the AðxiÞ, and b0 ¼ 1; bnþ1 ¼ 0.
As to method ZS, the evaluation isT ðAÞ ¼
_
a2MðAÞ
½a ^ QðjAajÞ
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_
a2MðAÞ
a ^ Q jAaj
n
  for relative quantiﬁers, where MðAÞ ¼ fa 2 ð0; 1j9xi 2 X such that AðxiÞ ¼ ag [ f1g.
The methods GD and ZS can be employed for any quantiﬁer and reduce to Bosc and Lietard’s Choquet inte-
gral (hence our Choquet integral approach for ﬁnite discourse universe) and Sugeno integral (hence Ying’s
Sugeno integral approach for ﬁnite discourse universe) approaches, respectively, for non-decreasing quantiﬁers.
The method GD fulﬁlls all the desired properties(some properties are presented in [6] and others can be
easily veriﬁed), while the method ZS does not fulﬁll the properties external negation, antonym and duality [1].
2.5. Ying’s work modeled by the Sugeno integral
Ying [40] introduced a new framework for modeling quantiﬁers in natural languages. He represented lin-
guistic quantiﬁers by fuzzy measures and used Sugeno’s integrals for the evaluation. More precisely, a quan-
tiﬁer Q is seen as a family of fuzzy measures indexed by nonempty sets. For each nonempty set X, the
quantiﬁer Q limited to the discourse universe X is deﬁned to be a fuzzy measure QX on X. The truth value
of a quantiﬁed formula ðQxÞw is deﬁned as follows:T IððQxÞwÞ ¼ ðSÞ
Z
T If=xgðwÞ  QXwhere X is the domain of the interpretation I, T If=xgðwÞ : X ! ½0; 1 is a mapping satisfying
T If=xgðwÞðuÞ ¼ T Ifu=xgðwÞfor all u 2 X , Ifu=xg is the interpretation which diﬀers from I only in the assignment of the individual variable
x, and ðSÞ R T If=xgðwÞ  QX is the Sugeno integral of T If=xgðwÞ with respect to QX .
It should be pointed out that the former methods are limited to the ﬁnite discourse universes. In Ying’s
model, however, inﬁnite discourse universes are allowed, and it enables us not need to distinguish absolute
and relative quantiﬁers. Moreover, Ying’s model satisfy all desired properties mentioned above except external
negation, antonym and duality.
3. Preliminaries of fuzzy measure, fuzzy quantiﬁer and Choquet integral
Deﬁnition 3.1 [30, p. 10]. Let X be a nonempty set. A Borel field over X is a subset } of 2X satisfying the next
conditions:
(1) ; 2 };
(2) If E 2 }, then X  E 2 }; and
(3) If En 2 } for 1 6 n <1, then
S1
n¼1En 2 }.
A typical example of Borel ﬁeld over a nonempty set X is the power set 2X of X. Indeed, in the present
paper, we will mainly consider this special Borel ﬁeld.
Deﬁnition 3.2 [30, Deﬁnition 2.3]. If X is a nonempty set and } is a Borel ﬁeld over X, then ðX ; }Þ is called a
measurable space.
Deﬁnition 3.3 [30, Deﬁnitions 2.2 and 2.4]. Let ðX ; }Þ be a measurable space. If a set function m : }! ½0; 1
satisﬁes the following properties:
(1) mð;Þ ¼ 0 and mðX Þ ¼ 1;
(2) (Monotonicity) If E; F 2 } and E  F , then mðEÞ 6 mðF Þ; and
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mð lim
n!1
EnÞ ¼ lim
n!1
mðEnÞ;
then m is called a fuzzy measure over ðX ; }Þ, and ðX ; };mÞ is called a fuzzy measure space.Fuzzy measures are known to be the generalizations of probability measures, where additivity is replaced
by the weaker condition of monotonicity. The continuity of fuzzy measure is often discarded.
Deﬁnition 3.4 [40, Deﬁnition 5]. Let ðX ; };mÞ be a fuzzy measure space. Then the dual fuzzy measure
m : }! ½0; 1 of m is deﬁned bym ¼ 1 mðX  EÞ
for each E 2 }.
Many versions of linguistic quantiﬁers based on fuzzy set theory have been introduced in the previous lit-
erature. Here we adopt the deﬁnition of [40], in which a linguistic quantiﬁer is represented by a family of fuzzy
measures.
For any measurable space ðX ; }Þ, we write MðX ; }Þ for the set of all fuzzy measures on ðX ; }Þ.
Deﬁnition 3.5 [40, Deﬁnition 14]. A fuzzy quantifier (or quantiﬁer for short) consists of the following two
items:
(i) for each nonempty set X, a Borel ﬁeld }X over X is equipped; and
(ii) a choice functionQ : ðX ; }X Þ7!QðX ;}X Þ 2 MðX ; }X Þ
of the (proper) class {MðX ; }X Þ : ðX ; }X Þ is a measurable space}.For simplicity, QðX ;}X Þ is often abbreviated to QX whenever the Borel ﬁeld }X can be recognized from the
context. In some applications, QX is allowed to be undeﬁned or unspeciﬁed for some sets X [40].
Remark 3.1. As pointed out in [40], this paper also only deals with increasing quantiﬁers [4], since fuzzy
measures assume monotonicity. As a result, quantiﬁers such as several, few, quite a few, small number, not
many, not very many, close to five, approximately 10 cannot be modeled in our framework either.
Remark 3.2. The case of inﬁnite universes encourages us to look for new tools to represent quantiﬁers, for exam-
ple, fuzzy measures (in [40] and this paper). A quantiﬁerQ is seen as a family of fuzzy measures indexed by non-
empty sets. For each nonempty set X (ﬁnite or inﬁnite), the quantiﬁer Q limited to the discourse universe X is
deﬁned to be a fuzzy measureQX on X, i.e., QX : }X ! ½0; 1 satisﬁes the conditions of Deﬁnition 3.3. In fact, }X
is usually taken to be the power set 2X of X. Thus,QX assigns a gradual interpretation QX ðEÞ to each subset E of
X. And for any subset E of X, the quantityQX ðEÞ expresses the truth value of the quantiﬁed statement ‘‘QXs are
As” when A is a crisp predicate and the set of elements in X satisfying A is E. In the cases where predicates are
vague, the truth value of a quantiﬁed proposition is evaluated by using Choquet integral (see Deﬁnition 4.4(2)).
Example 3.1 [40, Example 15]. The simplest quantiﬁers are the universal quantiﬁer 8 ¼ all and the existential
quantiﬁer 9 ¼ some which are deﬁned as follows, respectively: for any set X and for any E  X ,8X ðEÞ ¼ 1; if E ¼ X ;
0; otherwise;

9X ðEÞ ¼ 1; if E 6¼ ;;
0; otherwise:

The universal and existential quantiﬁers are crisp quantiﬁers because 8X ðEÞ; 9X ðEÞ 2 f0; 1g for all E  X .
Now consider some quantiﬁers frequently occurred in natural languages deﬁned in terms of fuzzy measures.
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1; if jEjP 3;
0; otherwise;

where jEj stands for the cardinality of E. ‘‘at least three” is an example of crisp generalized quantiﬁer too. The
following are three typical examples of fuzzy quantiﬁers. Let ðX ; }Þ be a measurable space, and let l be a ﬁnite
measure on ðX ; }Þ, that is, a mapping l : }! ½0;1Þ such thatl
[1
n¼1
En
 !
¼
X1
n¼1
lðEnÞwhenever fEng1n¼1 is a countable pairwise disjoint sub-family of }. Then for any set X and for any E  }, we
may deﬁnemanyX ðEÞ ¼
lðEÞ
lðX Þ ;
mostX ðEÞ ¼ lðEÞlðX Þ
 3=2
;
almost allX ðEÞ ¼ lðEÞlðX Þ
 2
:Now we introduce a partial order between fuzzy quantiﬁers and four operations of fuzzy quantiﬁers.
Deﬁnition 3.6. Let Q, Q1 and Q2 be quantiﬁers. Then
(1) [40, Deﬁnition 18(1)] If Q1X ðEÞ 6 Q2X ðEÞ for any nonempty set X and for any E 2 }X , then we say that
Q1 is stronger than Q2, written Q1 v Q2.
(2) The dual Q of Q, and the implication Q1 ! Q2, meet Q1 u Q2, and union Q1 t Q2 of Q1 and Q2 are
deﬁned, respectively, as follows:
For any nonempty set X and for any E 2 }X ,
QX ðEÞ,1 QX ðX  EÞ;
ðQ1 ! Q2ÞX ðEÞ,1 Q1X ðEÞ þ Q1X ðEÞQ2X ðEÞ;
ðQ1 u Q2ÞX ðEÞ,Q1X ðEÞQ2X ðEÞ;
ðQ1 t Q2ÞX ðEÞ,Q1X ðEÞ þ Q2X ðEÞ  Q1X ðEÞQ2X ðEÞ:Remark 3.3. In [40], the meet and union of quantiﬁers are deﬁned in terms of ‘‘min” and ‘‘max” operations,
on which the Sugeno integral are based. It is natural to consider whether its counterpart Choquet integral is
suitable for the evaluation. Due to this motivation, we deﬁne the operations of quantiﬁers in Deﬁnition 3.6(2)
and the truth values of formulas (see Deﬁnition 4.4) in terms of ‘‘product” and ‘‘probabilistic sum” operations.
This also suggests the possibility of replacing ‘‘product” and ‘‘probabilistic sum” operations by a general
t-norm and t-conorm, respectively. Once such more general operations of quantiﬁers are employed, the logic
properties of linguistic quantiﬁers obtained in this paper should naturally be re-examined.
The following property presents several algebraic laws for quantiﬁer operations which are immediate from
Deﬁnition 3.6.
Property 3.1
(1) For any quantifier Q, it holds that 8 v Q v 9.
(2) For any quantifier Q1 and Q2, we have Q1 u Q2 v Q1 and Q1 v Q1 t Q2.
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ðAssociativityÞ Q1 u ðQ2 u Q3Þ ¼ ðQ1 u Q2Þ u Q3; Q1 t ðQ2 t Q3Þ ¼ ðQ1 t Q2Þ t Q3;
ðDe Morgan lawÞ ðQ1 u Q2Þ ¼ Q1 t Q2; ðQ1 t Q2Þ ¼ Q1 u Q2:Deﬁnition 3.7 [30, Deﬁnition 3.3]. Let ðX ; }Þ be a measurable space, and let h : X ! ½0; 1 be a mapping from
X into the unit interval. For any k 2 ½0; 1, we writeHðkÞ ¼ fx 2 X : hðxÞP kg:
If HðkÞ 2 } for all k 2 ½0; 1, then h is said to be }-measurable.
The following lemmas from Lemmas 3.1–3.5 are some well-known results whose proofs may be found in
relevant literature [3,5,30]. However, for reader’s better understanding, we present the proofs of them in
the Appendix.
The next lemma gives some equivalent characterizations of the }-measurable function.
Lemma 3.1. Let ðX ; }Þ be a measurable space, and let h : X ! ½0; 1 be a mapping from X into the unit interval.
Then the following conditions are equivalent:
(1) fx 2 X : hðxÞP kg 2 } for any k 2 ½0; 1.
(2) fx 2 X : hðxÞ < kg 2 } for any k 2 ½0; 1.
(3) fx 2 X : hðxÞ > kg 2 } for any k 2 ½0; 1.
(4) fx 2 X : hðxÞ 6 kg 2 } for any k 2 ½0; 1.
(5) fx 2 X : k1 6 hðxÞ < k2g 2 } for any k1; k2 2 ½0; 1 and k1 < k2.Corollary 3.1. If f : X ! ½0; 1 is }-measurable, then for each k 2 ½0; 1,
fx 2 X : f ðxÞ ¼ kgis }-measurable.
Lemma 3.2. If f and g: X ! ½0; 1 are all }-measurable functions, then fx 2 X : f ðxÞ > gðxÞg and
fx 2 X : f ðxÞP gðxÞg are all in }.
Lemma 3.3. If f and g: X ! ½0; 1 are all }-measurable functions, then so are 1 f , fg, 1 f þ fg and
f þ g  fg, whereð1 f ÞðxÞ ¼ 1 f ðxÞ;
ðfgÞðxÞ ¼ f ðxÞgðxÞ;
ð1 f þ fgÞðxÞ ¼ 1 f ðxÞ þ f ðxÞgðxÞ;andðf þ g  fgÞðxÞ ¼ f ðxÞ þ gðxÞ  f ðxÞgðxÞ
for each x 2 X .
Remark 3.4. This lemma demonstrates measurability of some composed functions, which guarantees that
truth values of quantiﬁcations with respect to negation, conjunction and disjunction are well-deﬁned in our
Choquet integral semantics, which will be seen in Deﬁnition 4.4(2).
Deﬁnition 3.8 [16, p. 301]. Let ðX ; };mÞ be a fuzzy measure space and h : X ! ½0; 1 be }-measurable. The
Choquet integral of h with respect to m is deﬁned by the Riemann integral
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Z
X
h  m ¼
Z 1
0
mðHðkÞÞdk:The integral always exists, since mðHðkÞÞ is a bounded and non-increasing function. For simplicity,
ðCÞ RX h  m will be abbreviated to ðCÞ R h  m.
It is well-known that, if m is a classical measure, then for each }-measurable function h : X ! ½0; 1 the
Choquet integral reduces to a Lebesgue integral.
The following lemma gives a simpliﬁed calculation method of Choquet integrals over ﬁnite sets and shows
that the property independence of order in the elements of the referential holds.
Lemma 3.4. Let X ¼ fx1; . . . ; xng be a finite set, and let h : X ! ½0; 1 be such that hðxiÞ 6 hðxiþ1Þ for
1 6 i 6 n 1 (if not so, rearrange hðxiÞ, 1 6 i 6 n). ThenðCÞ
Z
h  m ¼
Xn
i¼1
hðxiÞðmðX iÞ  mðX iþ1ÞÞwhere X i ¼ fxi; xiþ1; . . . ; xng for 1 6 i 6 n and Xnþ1 ¼ ;.
The next lemma gives some properties of Choquet integrals needed in what follows.
Lemma 3.5. Let ðX ; };mÞ be a fuzzy measure space and h : X ! ½0; 1 be }-measurable.
(1) If c 2 ½0; 1, thenðCÞ
Z
c  m ¼ c:(2) Let h0 : X ! ½0; 1 be }-measurable such that h 6 h0, i.e., hðxÞ 6 h0ðxÞ for every x 2 X , thenðCÞ
Z
h  m 6 ðCÞ
Z
h0  m:(3) Let m1;m2 be fuzzy measures over ðX ; }Þ. If m1 6 m2, i.e., m1ðAÞ 6 m2ðAÞ for every A 2 }, thenðCÞ
Z
h  m1 6 ðCÞ
Z
h  m2:(4) Let b 2 ½0; 1, thenðCÞ
Z
bh  m ¼ bðCÞ
Z
h  m:(5) If h is the characteristic function of a crisp set A 2 }, thenðCÞ
Z
h  m ¼ mðAÞ
for every m over ðX ; }Þ.
(6)ðCÞ
Z
h  m ¼
Z 1
0
mðHðaÞÞda ¼
Z 1
0
mðHðaÞÞda
where mðHðaÞÞ ¼ fx 2 X : hðxÞ > ag.Observe that fuzzy measures are deﬁned over crisp sets before. Bolan˜os [3] extended the concept of fuzzy
measure to fuzzy sets. In a similar manner, we use Choquet integral for the extension.
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}-measurable membership functions. Then the extension ~m of m on ~} is deﬁned by~mðhÞ ¼ ðCÞ
Z
h  m ¼
Z 1
0
mðHðkÞÞdkfor any h 2 ~}.4. Logical properties of a ﬁrst order language with linguistic quantiﬁers based on the Choquet integral
In this section, according to the ﬁrst order language with linguistic quantiﬁers given in [40], we present its
semantics based on the Choquet integral. We carefully investigate its logical properties and how the desired
properties listed in Section 2 are fulﬁlled.
A ﬁrst order logical language Lq with linguistic quantiﬁers is given by the following deﬁnition.
Deﬁnition 4.1 [40, p. 589]. The alphabet of Lq is given as follows:
(1) A countable set of individual variables: x0; x1; x2; . . .;
(2) A set P ¼ S1n¼0Pn of predicate symbols, where Pn is the set of all n-place predicate symbols for each
nP 0. we assume that
S1
n¼1Pn 6¼ ;;
(3) Propositional connectives: 	, !; and
(4) Parentheses: (,).
The syntax of Lq is then presented by the next deﬁnition.
Deﬁnition 4.2 [40, Deﬁnition 21]. The set of well-formed formulas (or Wﬀ for short) is the smallest set of
symbol strings satisfying the following conditions:
(1) If nP 0, P 2 Pn, and x1; . . . ; xn are individual variables, then P ðx1; . . . ; xnÞ 2Wff;
(2) If Q is a quantiﬁer, x is an individual variable, and u 2Wff, then ðQxÞu 2Wff; and
(3) If u;u1;u2 2Wff, then 	 u;u1 ! u2 2Wff.
For convenience, we introduce some abbreviations:u _ w, 	 u! w;
u ^ w, 	 ðu!	 wÞ;
u$ w,ðu! wÞ ^ ðw! uÞ:Remark 4.1. Here the deﬁnitions of Lq and Wﬀ seem somewhat diﬀerent from that in [40], but they are in fact
equivalent. The reason why we adopt here’s deﬁnitions will be seen later.
Here we omit the detailed deﬁnitions of free variable and bound variable, which can be introduced in a
standard way.
The semantics of Lq is given by the following two deﬁnitions.
Deﬁnition 4.3 [40, Deﬁnition 22]. An interpretation I of Lq consists of the following items:
(1) A measurable space ðX ; }Þ, called the domain of I;
(2) For any nP 0, we associate the individual variable xi with an element xIi in X; and
(3) For any nP 0 and for any P 2 Pn, there is a }n-measurable function P I : Xn ! ½0; 1.
For the sake of simplicity, in the sequel, it is assumed that the Borel ﬁeld } in the domain ðX ; }Þ of an inter-
pretation I is always taken to be the power set 2X of X, and the Borel ﬁeld }X equipped with a nonempty set X
is also 2X for any quantiﬁer Q. This often simpliﬁes the presentation and proof of our results.
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recursively as follows:
(1) If u ¼ Pðx1; . . . ; xnÞ, then
T IðuÞ ¼ P I xI1; . . . ; xIn
 
;(2) If u ¼ ðQxÞw, thenT IðuÞ ¼ ðCÞ
Z
T If:=xgðwÞ  QX
where X is the domain of I, T If:=xgðwÞ : X ! ½0; 1 is a mapping satisfying
T If=xgðwÞðuÞ ¼ T Ifu=xgðwÞ
for all u 2 X , and Ifu=xg is the interpretation which diﬀers from I only in the assignment of the individ-
ual variable x, i.e., yIfu=xg ¼ yI for all y 6¼ x and xIfu=xg ¼ u;(3) If u ¼	 w, then
T IðuÞ ¼ 1 T IðwÞ;
and if u ¼ u1 ! u2, then
T IðuÞ ¼ 1 T Iðu1Þ þ T Iðu1ÞT Iðu2Þ:From the above deﬁnition, it is easy to verify thatT Iðu1 ^ u2Þ ¼ T Iðu1ÞT Iðu2Þ;
T Iðu1 _ u2Þ ¼ T Iðu1Þ þ T Iðu2Þ  T Iðu1ÞT Iðu2Þ:And it may be observed that our fuzzy implication operator is the kind of the S-implication.
Now we present several meta-logical notions for establishing logic properties of linguistic quantiﬁers.
Deﬁnition 4.5 [40, Deﬁnition 38]. Let u 2Wff and R Wff.
(1) If for any interpretation I, T IðuÞP 12, then we say u is fuzzily valid, in symbols 
Fuzu.
(2) If for any interpretation I,^
w2R
T IðwÞ 6 T IðuÞ;
then u is called a consequence of R, in symbols R 
 u. In particular, if ; 
 u, that is, T IðuÞ ¼ 1 for each
interpretation I, then u is said to be (absolutely) valid. In addition, if T IðuÞ ¼ 0 for each interpretation I,
then u is said to be (absolutely) invalid.(3) If u 
 w and w 
 /, that is, for each interpretation I, T IðuÞ ¼ T IðwÞ, then we say that u and w are
equivalent, in symbols u  w.It is easily veriﬁed that if u 
 w, then 
Fuzu! w.
The next proposition makes a close connection between the truth evaluation of quantiﬁed statement and
the extension of fuzzy measure on fuzzy sets.
Proposition 4.1. Let Q be a quantifier and x an individual variable, and let u 2Wff . Then for any
interpretation I,T IððQxÞuÞ ¼ eQX ðT If=xgðuÞÞ
where eQX is the extension of QX on fuzzy sets.
Proof. Immediate from Deﬁnitions 3.9 and 4.4. h
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simple examples and propositions.
Example 4.1. Recall that the quantiﬁer Q = ‘‘many” is deﬁned on a universe of discourse X as follows:Table
Perfor
Studen
s1
s2
s3manyX ðEÞ ¼
lðEÞ
lðX Þfor each E  X . Let u(x) = ‘‘to satisfy x2 > x” be a linguistic predicate. Consider the interpretation I with do-
main X ¼ ½10; 10, then the truth value of uðxÞ isuIðxÞ ¼ 0; if x 2 ½0; 1;
1; if x 2 ½10; 10 n ½0; 1:

Then the logical formula ðQxÞuðxÞ means that ‘‘many x’s in [10,10] satisfy x2 > x”, and its truth value under
I isT IððQxÞuðxÞÞ ¼
Z 1
0
QX ðfu 2 X : T Ifu=xgðuðxÞÞP agÞda ¼
Z 1
0
QX ðfu 2 X : uIðuÞP agÞda
¼
Z 1
0
19
20
da ¼ 19
20
:Consider the multi-criteria decision making problems, which were discussed in [36,37] according to Zadeh’s
relative quantiﬁers. Here we adopt the Choquet integral semantics presented previously.
Example 4.2. Assume X ¼ fx1; . . . ; xng is a collection of criteria to be satisﬁed. Let S be a set of possible
solution alternatives. For any s 2 S and for any criterion xi, xiðsÞ indicates the degree to which this criterion is
satisﬁed by s. We desire to ﬁnd out the optimum alternative such that ‘‘Q of criteria are satisﬁed”, where Q is a
linguistic quantiﬁer with domain X. If we represent ‘‘the criterion x is satisﬁed” by fuzzy predicate uðxÞ, then
the above problem comes to ﬁnding out s 2 S corresponding to the maximum truth value of the formula
ðQxÞuðxÞ. We proceed as follows:
(1) for all s 2 S, calculateDðsÞ ¼ T IððQxÞuðxÞÞ ¼ ðCÞ
Z
sx  QX
where I is the interpretation given by a fuzzy subset sx on X (denoted by Zadeh’s notation)sx ¼ x1ðsÞx1 þ
x2ðsÞ
x2
þ    þ xnðsÞ
xn
;(2) select the best alternative s such thatDðsÞ ¼ maxfDðsÞ : s 2 Sg:For a concrete example, the director of a high school has to select the most excellent one in his three
students in accordance to their level in mathematics, physics, biology, chemistry, and literature. The relevant
data are presented in Table 1. Take Q = ‘‘almost all”, that is,1
mance of three students
t Mathematics Physics Biology Chemistry Literature
0.75 0.85 0.95 0.9 0.86
0.85 0.92 0.91 0.95 0.86
0.92 0.87 0.9 0.89 0.91
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jEj
jX j
 2for each E  X , where jEj is the cardinality of E. Then by calculations, we have
Dðs1Þ ¼ ðCÞ
Z
s1x  QX ¼ 0:83;
Dðs2Þ ¼ ðCÞ
Z
s2x  QX ¼ 0:88;
Dðs3Þ ¼ ðCÞ
Z
s3x  QX ¼ 0:89:It follows that s3 is the optimum candidate.
The following proposition shows that the quantiﬁcation degenerates on a singleton discourse universe and
the property induced operators is satisﬁed.
Proposition 4.2. For any quantifier Q and for any u 2Wff , if I is an interpretation with the domain X ¼ fug,
thenT IððQxÞuÞ ¼ T IðuÞ:ProofT IððQxÞuÞ ¼ ðCÞ
Z
T If=xgðuÞ  QX ¼
Z 1
0
QX ðfu 2 X : T Ifu=xgðuÞ > agÞda
¼
Z 1
0
QX ðfu 2 X : T IðuÞ > agÞda
¼
Z T I ðuÞ
0
1daþ
Z 1
T I ðuÞ
0da ¼ T IðuÞ: Remark 4.2. Note thatQX ðfu 2 X : T IðuÞ > agÞ ¼ QX ð;Þ ¼ 0 when a ¼ T IðuÞ andQX ðfu 2 X : T IðuÞ > agÞ ¼
QX ðfugÞ ¼ 1when 0 6 a < T IðuÞ. Since a bounded function f on ½a; bwhich diﬀers from the other bounded inte-
grable function g on ½a; b only in ﬁnite points is also integrable and R ba f ðaÞda ¼ R ba gðaÞda, we directly writeR T I ðuÞ
0
1da for
R T I ðuÞ
0
QX ðfu 2 X : T IðuÞ > agÞda. In what follows, we do not repeat the remark for the similar
cases.
The next proposition illustrates that coherence with fuzzy logic and correct generalization are satisﬁed.
Proposition 4.3. Let Q be a quantifier and x an individual variable, and let u 2Wff . Then for any interpretation I
with domain X, we haveT Iðð8xÞuÞ ¼
^
u2X
T Ifu=xgðuÞandT Iðð9xÞuÞ ¼
_
u2X
T Ifu=xgðuÞ:ProofT Iðð8xÞuÞ ¼
Z 1
0
8X ðfu 2 X : T Ifu=xgðuÞ > agÞda ¼
Z V
u2X
T Ifu=xgðuÞ
0
1daþ
Z 1V
u2X
T Ifu=xgðuÞ
0da ¼
^
u2X
T Ifu=xgðuÞ;
T Iðð9xÞuÞ ¼
Z 1
0
9X ðfu 2 X : T Ifu=xgðuÞ> agÞda¼
Z W
u2X
T Ifu=xgðuÞ
0
1daþ
Z 1W
u2X
T Ifu=xgðuÞ
0da¼
_
u2X
T Ifu=xgðuÞ: 
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cide with the standard way, and so illustrates the reasonableness of Choquet integral semantics of linguistic
quantiﬁcation.
Now we consider the logical properties of linguistic quantiﬁers. First we observe the function of dual
quantiﬁers.
Theorem 4.1. For any quantifier Q and for any u 2Wff , we have
	 ðQxÞu  ðQxÞ 	 uwhere Q is the dual of Q.
Proof. For each interpretation I with domain X,Z Z 1
T IððQxÞ 	 uÞ ¼ ðCÞ ð1 T If=xgðuÞÞ  QX ¼
0
QX ðfu 2 X : 1 T Ifu=xgðuÞP agÞda
¼
Z 1
0
½1 QX ðX  fu 2 X : 1 T Ifu=xgðuÞP agÞda
¼
Z 1
0
½1 QX ðfu 2 X : T Ifu=xgðuÞ > 1 agÞda
¼
Z 1
0
½1 QX ðfu 2 X : T Ifu=xgðuÞ > bgÞdb ¼ 1
Z 1
0
QX ðfu 2 X : T Ifu=xgðuÞ > bgÞdb
¼ 1 T IððQxÞuÞ ¼ T Ið	 ðQxÞuÞ: Remark 4.3. Theorem 4.1 elucidates that duality is fulﬁlled. For a concrete example, ‘‘all” and ‘‘some” are the
dual of each other: 8 ¼ 9 and 9 ¼ 8 [40]. The theorem ensures that ‘‘Some men are not bald” means the
same as ‘‘It is not the case that all men are bald”.
Theorem 4.2. Let u1; u2 2Wff . Then
u1 ! u2 	 u2 !	 u1:Proof. Immediate from Deﬁnition 4.4(3). h
The next theorem indicates that quantiﬁers can be moved to the front of the whole formula in certain
conditions.
Theorem 4.3
(1) For any quantifier Q and for any u; w 2Wff , if individual variable x is not free in w, then we have
ðQxÞu! w  ðQxÞðu! wÞ:(2) For any quantifier Q and for any u;w 2Wff , if individual variable x is not free in u, then we have
u! ðQxÞw  ðQxÞðu! wÞ:Proof
(1) Since x is not free in w, it is easy to verify that T Ifu=xgðwÞ ¼ T IðwÞ for any u 2 X , i.e., T If=xgðwÞ ¼ T IðwÞ.
Then for any interpretation I with domain X,T IððQxÞðu! wÞÞ ¼ ðCÞ
Z
ð1 T If=xgðuÞ þ T If:=xgðuÞT IðwÞÞ  QX
¼
Z 1
0
QX ðfu 2 X : 1 T Ifu=xgðuÞ þ T Ifu=xgðuÞT IðwÞP agÞda
(2)
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Z 1
0
½1 QX ðfu 2 X : 1 T Ifu=xgðuÞ þ T Ifu=xgðuÞT IðwÞ < agÞda
¼ 1
Z 1
0
QX ðfu 2 X : T Ifu=xgðuÞ >
1 a
1 T IðwÞgÞda
¼ 1 ð1 T IðwÞÞ
Z 1
1T I ðwÞ
0
QX ðfu 2 X : T Ifu=xgðuÞ > cgÞdc
¼ 1 ð1 T IðwÞÞ
Z 1
0
QX ðfu 2 X : T Ifu=xgðuÞ > cgÞdc ¼ 1 ð1 T IðwÞÞT IððQxÞuÞ
¼ 1 T IððQxÞuÞ þ T IððQxÞuÞT IðwÞ ¼ T IððQxÞu! wÞ:u! ðQxÞw 	 ðQxÞw!	 u  ðQxÞ 	 w!	 u  ðQxÞð	 w!	 uÞ  ðQxÞðu! wÞ: Corollary 4.1. For any quantifier Q and for any u;w 2Wff , if individual variable x is not free in w, then we have
ðQxÞu _ w  ðQxÞðu _ wÞ;
ðQxÞu ^ w  ðQxÞðu ^ wÞ:Proof. For the ﬁrst equivalence relation,ðQxÞu _ w 	 ðQxÞu! w  ðQxÞ 	 u! w  ðQxÞð	 u! wÞ  ðQxÞðu _ wÞ:
For the second equivalence relation, we give two alternate proofs.
(i)  ðQxÞu ^ w 	 ððQxÞu!	 wÞ 	 ðw! ðQ xÞ 	 uÞ 	 ðQ xÞðw!	 uÞ  ðQxÞ 	 ðw!	 uÞ
 ðQxÞðu ^ wÞ:(ii) For any interpretation I with domain X,T IððQxÞðu ^ wÞÞ ¼ ðCÞ
Z
ðT If=xgðuÞT If:=xgðwÞÞ  QX ¼ ðCÞ
Z
ðT If=xgðuÞT IðwÞÞ  QX
¼ T IðwÞðCÞ
Z
T If=xgðuÞ  QX ¼ T IðwÞT IððQxÞuÞ ¼ T IððQxÞu ^ wÞ:Now consider the implication of quantiﬁers. A lemma is required.
Lemma 4.1 [26, p. 253]. Let f ðaÞ and gðaÞ be such that ðf ðaÞ  f ðbÞÞðgðaÞ  gðbÞÞP 0 for all a; b 2 ½a; b.
Then we haveZ b
a
f ðaÞda
Z b
a
gðaÞda 6 ðb aÞ
Z b
a
f ðaÞgðaÞda:In particular,Z 1
0
f ðaÞda
Z 1
0
gðaÞda 6
Z 1
0
f ðaÞgðaÞda:Theorem 4.4. For any quantifiers Q1, Q2, individual variable x and u 2Wff , we haveðQ1xÞu! ðQ2xÞu 
 ððQ1 ! Q2ÞxÞu:
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thatT IððQ1xÞu! ðQ2xÞuÞ ¼ 1 T IððQ1xÞuÞ þ T IððQ1xÞuÞT IððQ2xÞuÞ
¼ 1
Z 1
0
Q1X ðU aÞdaþ
Z 1
0
Q1X ðU aÞda
Z 1
0
Q2X ðU aÞda
6 1
Z 1
0
Q1X ðU aÞdaþ
Z 1
0
Q1X ðU aÞQ2X ðU aÞ da ðby Lemma 4:1Þ
¼
Z 1
0
ð1 Q1X ðU aÞ þ Q1X ðU aÞQ2X ðU aÞÞda ¼
Z 1
0
ðQ1 ! Q2ÞX ðU aÞda
¼ T IðððQ1 ! Q2ÞxÞuÞ: In the following theorem, we establish how quantiﬁers preserve the consequence relation.
Theorem 4.5. Let u1;u2 2Wff. Then u1 
 u2 if and only if ðQxÞu1 
 ðQxÞu2 holds for any quantifier Q and for
any individual variable x.
Proof. The ‘‘only if” part is directly from Lemma 3.5(2). For the ‘‘if” part, let I be an interpretation with
domain X. To show that T Iðu1Þ 6 T Iðu2Þ; we set QX as follows:QX ðF Þ ¼
1; if xI 2 F ;
0; otherwise;

where xI is the assignment of I to x. Then there holds thatT IððQxÞu1Þ ¼
Z 1
0
QX ðfu 2 X : T Ifu=xgðu1Þ > agÞda ¼
Z T IfxI =xgðu1Þ
0
1daþ
Z 1
T IfxI =xgðu1Þ
0da ¼ T IfxI=xgðu1Þ:Similarly, T IððQxÞu2Þ ¼ T IfxI=xgðu2Þ. Hence by ðQxÞu1 
 ðQxÞu2, we have T IfxI=xgðu1Þ 6 T IfxI=xgðu2Þ, that is,
T Iðu1Þ 6 T Iðu2Þ. h
Now we consider how the strength of involved quantiﬁers impacts on the consequence relation between two
quantiﬁed propositions.
Theorem 4.6. Let Q1 and Q2 be two quantifiers. Then Q1 v Q2 if and only if ðQ1xÞu 
 ðQ2xÞu holds for any
u 2Wff .
Proof. The ‘‘only if” part is directly from Lemma 3.5(3). For the ‘‘if” part, it suﬃces to show that for any set X
and for any E  X , Q1X ðEÞ 6 Q2X ðEÞ. Since it is assumed that
S1
n¼1Pn 6¼ ;, we can ﬁnd some P 2 Pn with
nP 1. Consider the interpretation I with domain X and let u ¼ Pðx; x; . . . ; xÞ andP Iðx1; x2; . . . ; xnÞ ¼
1; if x1 ¼ x2 ¼    ¼ xn 2 E;
0; otherwise:

Then by Lemma 3.5(5), we haveT IððQ1xÞuÞ ¼ ðCÞ
Z
T If=xgðuÞ  Q1X ¼ Q1X ðEÞ:Similarly, T IððQ2xÞuÞ ¼ Q2X ðEÞ. Since ðQ1xÞu 
 ðQ2xÞu, we have T IððQ1xÞuÞ 6 T IððQ2xÞuÞ, and then
Q1X ðEÞ 6 Q2X ðEÞ. h
Theorems 4.5 and 4.6 illustrate that both quantiﬁer monotonicity and local monotonicity are valid. Convexity
is then an immediate corollary of local monotonicity.
Combining the above results from Theorem 4.1 to 4.6, we obtain a prenex normal form theorem for logical
formulas with linguistic quantiﬁers.
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conditions:
(i) w is in the form ofðQ1x1Þ . . . ðQnxnÞB
where nP 0, Q1; . . . ;Qn are quantifiers, and B 2Wff does not contain any quantifier; and(ii) u 
 w:Moreover, if 
Fuzu, then 
Fuzw! u; otherwise, if T IðwÞ 6 12ð1T I ðuÞÞ, then 
Fuzw! u.
Remark 4.4. The prenex normal form theorem here is stronger than that in [40].
We transform the well-formed formulas into the prenex normal form in terms of the following procedures:
(1) replacing _ and ^ by 	 and !;
(2) move negation in front of quantiﬁers down;
(3) rename bound variables if necessary;
(4) move quantiﬁers to the front.
Example 4.3ðQ1x1Þ 	 Aðx1; x2Þ ! ðBðx1Þ_ 	 ðQ2x3ÞCðx1; x3ÞÞ  ðQ1x1Þ 	 Aðx1; x2Þ ! ð	 Bðx1Þ !	 ðQ2x3ÞCðx1; x3ÞÞ
 ðQ1x1Þ 	 Aðx1; x2Þ ! ð	 Bðx1Þ ! ðQ2x3Þ 	 Cðx1; x3ÞÞ
 ðQ1x1Þ 	 Aðx1; x2Þ ! ðQ2x3Þð	 Bðx1Þ !	 Cðx1; x3ÞÞ
 ðQ1x4Þ 	 Aðx4; x2Þ ! ðQ2x3Þð	 Bðx1Þ !	 Cðx1; x3ÞÞ
 ðQ1x4Þð	 Aðx4; x2Þ ! ðQ2x3Þð	 Bðx1Þ !	 Cðx1; x3ÞÞÞ
 ðQ1x4ÞðQ2x3Þð	 Aðx4; x2Þ ! ð	 Bðx1Þ !	 Cðx1; x3ÞÞÞ:Remark 4.5. Note that if the cases similar to Theorem 4.4 do not occur, then the formulas in the process of
transforming are equivalent.
Proposition 4.4. For any quantifiers Q1, Q2, individual variable x and u 2Wff , we have
ðQ1xÞu ^ ðQ2xÞu 
 ððQ1 u Q2ÞxÞu;
FuzððQ1 u Q2ÞxÞu! ððQ1xÞu ^ ðQ2xÞuÞ:Proof. For any interpretation I with domain X, if we denote fu 2 X : T Ifu=xgðuÞP ag by U a, then it follows
thatT IððQ1xÞu ^ ðQ2xÞuÞ ¼ T IððQ1xÞuÞT IððQ2xÞuÞ ¼
Z 1
0
Q1X ðU aÞda
Z 1
0
Q2X ðU aÞda
6
Z 1
0
Q1X ðU aÞQ2X ðU aÞda ¼
Z 1
0
ðQ1 u Q2ÞX ðU aÞda ¼ T IðððQ1 u Q2ÞxÞuÞ:By simple calculation, we have 1 aþ a3 > 1
2
for each a 2 ½0; 1. Then for any interpretation I with domain X,T IðððQ1 u Q2ÞxÞu! ððQ1xÞu ^ ðQ2xÞuÞÞ
¼ 1 T IðððQ1 u Q2ÞxÞuÞ þ T IðððQ1 u Q2ÞxÞuÞT IððQ1xÞuÞT IððQ2xÞuÞ
P 1 T IðððQ1 u Q2ÞxÞuÞ þ ðT IðððQ1 u Q2ÞxÞuÞÞ3 > 1=2: The above proposition enables us to give an approach to solve the inference scheme with linguistic quan-
tiﬁers discussed in [17], which is as follows:
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ðQxÞu ¼ ? :Indeed, sinceui 
 ðu1 _    _ unÞ ði ¼ 1; . . . ; nÞ;
then by Theorem 4.5, we haveðQixÞui 
 ðQixÞðu1 _    _ unÞ ði ¼ 1; . . . ; nÞ;
thusðQ1xÞu1 ^    ^ ðQnxÞun 
 ðQ1xÞðu1 _    _ unÞ ^    ^ ðQnxÞðu1 _    _ unÞ:
Hence by Proposition 4.4,ðQ1xÞu1 ^    ^ ðQnxÞun 
 ððQ1 u    u QnÞxÞðu1 _    _ unÞ:
This illustrates that the following inference is valid:ðQ1xÞu1; . . . ; ðQnxÞun
ððQ1 u    u QnÞxÞðu1 _    _ unÞ
:Proposition 4.5. For any quantifiers Q1, Q2, individual variable x and u 2Wff , we have
ððQ1 t Q2ÞxÞu 
 ðQ1xÞu _ ðQ2xÞu:Moreover, if 
FuzððQ1 t Q2ÞxÞu, then 
FuzððQ1xÞu _ ðQ2xÞuÞ ! ððQ1 t Q2ÞxÞu; otherwise, if T IððQ1xÞu_
ðQ2xÞuÞ 6 12ð1T I ðððQ1tQ2ÞxÞuÞÞ, then 

FuzððQ1xÞu _ ðQ2xÞuÞ ! ððQ1 t Q2ÞxÞu.
Proof. For any interpretation I with domain X, if we denote fu 2 X : T Ifu=xgðuÞP ag by U a, then it follows
thatT IðððQ1 t Q2ÞxÞuÞ ¼
Z 1
0
Q1X ðU aÞ þ Q2X ðU aÞ  Q1X ðU aÞQ2X ðU aÞda
¼
Z 1
0
Q1X ðU aÞdaþ
Z 1
0
Q2X ðU aÞda
Z 1
0
Q1X ðU aÞQ2X ðU aÞda
6
Z 1
0
Q1X ðU aÞdaþ
Z 1
0
Q2X ðU aÞda
Z 1
0
Q1X ðU aÞda
Z 1
0
Q2X ðU aÞda
¼ T IððQ1xÞu _ ðQ2xÞuÞ:
The remain part holds clearly. h
Propositions 4.4 and 4.5 present a weaker version of decomposition property than that required.
The property external negation cannot be considered in the Choquet integral semantics of quantiﬁers
because the complement Q of a quantiﬁer Q, deﬁned by QX ðEÞ ¼ 1 QX ðEÞ for any E  X , does not satisfy
the monotonicity in Deﬁnition 3.3 and it is not a quantiﬁer in the sense of this paper. The property antonym
does not hold in general.
Delgado et al. [6] proposed that quantiﬁcation evaluation must be not too ‘‘strict”, that is, for any quan-
tiﬁer Q there is a fuzzy predicate A such that the evaluation value of sentence ‘‘QXs are As” is neither 0 nor 1
provided Q is not a crisp quantiﬁer. Such a criterion is satisﬁed by the Choquet integral semantics of quan-
tiﬁers. Indeed, let Q be a quantiﬁer and X a set such that there exists E  X with 0 < QX ðEÞ < 1. For any
unary predicate symbol P, we consider an interpretation I with domain X such thatP IðxÞ ¼ a; if x 2 E;
0; otherwise;

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Z 1
0
QX ðfu 2 X : P IðuÞP agÞda ¼
Z a
0
QX ðEÞda ¼ aQX ðEÞand 0 < T IððQxÞP ðxÞÞ < 1.
From the view of computational complexity, the evaluation must be time-eﬃcient, i.e., O(n) or O(n logn).
Assume that the domain of interpretation I is a ﬁnite set with cardinality n, then the evaluation of the truth
value of the quantiﬁed formula ðQxÞu under I will run with complexity O(n logn).
The property continuity and smoothness in behavior guarantees the insensibility of fuzzy quantiﬁcation to
noise, that is, a small modiﬁcation in the membership values to D or A does not result in a drastic change
of evaluation of the quantiﬁed propositions. To give such a property, we ﬁrst need to introduce a concept
of distance between two integrable functions on [0,1].
Deﬁnition 4.6. Let f and g : ½0; 1 ! ½0; 1 be two integrable functions in the sense of Riemann, then the
distance between f and h is deﬁned asdðf ; gÞ ¼
Z 1
0
jf ðaÞ  gðaÞjda:The following proposition indicates the continuity with respect to modiﬁcation of quantiﬁers before the
same quantiﬁed formula.
Proposition 4.6. For any quantifiers Q1 and Q2, for any u 2Wff , and for any interpretation I with domain X,
there holdsjT IððQ1xÞuÞ  T IððQ2xÞuÞj 6 dðQ1;Q2Þ:Proof. If we denote fu 2 X : T Ifu=xgðuÞP ag by U a, then it follows thatjT IððQ1xÞuÞ  T IððQ2xÞuÞj ¼
Z 1
0
Q1X ðU aÞda
Z 1
0
Q2X ðU aÞda
				 				 ¼ Z 1
0
ðQ1X ðU aÞ  Q2X ðU aÞÞda
				 				
6
Z 1
0
Q1X ðU aÞ  Q2X ðU aÞj jda ¼ dðQ1;Q2Þ;where we consider Q1 and Q2 as non-increasing functions from [0,1] to [0,1]. h
The next proposition indicates the continuity with respect to modiﬁcation of the truth values of statements
bounded by the same quantiﬁer.
Proposition 4.7. For any quantifiers Q, for any u1; u2 2Wff , and for any interpretation I with domain X, we
havejT IððQxÞu1Þ  T IððQxÞu2Þj 6 dðT If=xgðu1Þ; T If=xgðu2ÞÞ:Proof. Similar to Proposition 4.6. h5. Comparisons with related work
Now we clarify the relationship between the results obtained in this paper and previous related work.
The traditional approaches to deﬁne linguistic quantiﬁers were based on cardinalities. Zadeh [42] proposed
two essential ways of deﬁning cardinalities of fuzzy sets over ﬁnite discourse universe: non-fuzzy and fuzzy. In
the ﬁrst way, a (non-fuzzy) real number is deﬁned as the cardinality of a fuzzy set; An illustrative example is
the sigma-count mentioned in Section 2. The second deﬁnes the cardinality of a fuzzy set to be a fuzzy subset
of nonnegative integers; for example, FGcountðÞ, FLcountðÞ, FEcountðÞ. Ralescu’s cardðÞ[27] and Ying’s FCðÞ
578 L. Cui, Y. Li / Internat. J. Approx. Reason. 48 (2008) 559–582[40] are of the second kind. In fact, for the ﬁnite discourse universe, our evaluating the truth value of a prop-
osition with linguistic quantiﬁers modeled by Choquet integral is given in the ﬁrst way.
As stated in Section 2, Yager [35] used ordered weighted averaging (OWA) operators for the evaluation of
quantiﬁed propositions. We will demonstrate that for the ﬁnite discourse universe, our evaluation by Choquet
integrals and the evaluation by OWA operators can be transformed into each other. For the Choquet integral
in Lemma 3.4, if we take wj ¼ mðXnjþ1Þ  mðXnjÞ for all 1 6 j 6 n, thenðCÞ
Z
h  m ¼
Xn
i¼1
hðxiÞðmðX iÞ  mðX iþ1ÞÞ ¼
Xn
j¼1
wjhðxnjþ1Þ:Conversely, let h : fx1; . . . ; xng ! ½0; 1 be such that hðxiÞP hðxiþ1Þð1 6 i 6 nÞ and f be an OWA operator
with W ¼ ðw1; . . . ;wnÞT , if we take mðX iÞ ¼ wniþ1 þ    þ w1 for all 1 6 i 6 n, thenf ðhÞ ¼
Xn
j¼1
wjhðxjÞ ¼
Xn
i¼1
hðxniþ1ÞðmðX iÞ  mðX iþ1ÞÞ ¼ ðCÞ
Z
h  m:In [4], Bosc and Lietard evaluated linguistic quantiﬁed propositions by Sugeno integral and Choquet
integral for the ﬁnite discourse universes. In the present paper, however, inﬁnite discourse universes are
also allowed. In addition, the motivations of [4] and this paper are quite diﬀerent: the main purpose of
[4] is to establish a close connection between Prade and Yager’s evaluating approaches and Sugeno and
Choquet’s integral approaches, while this paper aims at investigating the logical properties of fuzzy
quantiﬁers.
In [6], Delgado provided generalizations of existing methods for type I and type II sentences fulﬁlling all the
properties he mentioned. While this paper’s main objective is to study the logical properties of fuzzy quanti-
ﬁers for type I sentences and allow inﬁnite discourse universe.
In [8–11], Glockner developed a genuine theory of fuzzy multi-place quantiﬁcation. He introduced the
notion of semi-fuzzy quantiﬁer and presented an axiomatic approach to fuzzy quantiﬁcation which builds
on the novel concept of a Determiner Fuzziﬁcation Scheme (or DFS for short). Glockner aims at formu-
lating a theory of natural language quantiﬁcation, which rests on an axiomatic foundation, is much closer
to linguistics and gives up the use of ﬁrst order representations, while this paper targets at establishing a
ﬁrst order language with linguistic quantiﬁers based on Choquet integrals and investigating its logical
properties.
The idea of representing linguistic quantiﬁers by fuzzy measures and using Sugeno’s integrals for evaluating
quantiﬁed propositions was originally introduced by Ying [39] and elaborated in [40] with several nice logical
properties. This paper still employs fuzzy measures to represent linguistic quantiﬁers, but adopts Choquet inte-
grals for the evaluation. Moreover, some elegant logical properties diﬀerent from those in [40] are presented.
Before clarifying the relation between the truth value of quantiﬁed statements modeled by Choquet integral
and Sugeno integral, we present a lemma.
Lemma 5.1 [24, Proposition A2.1]. Let ðX ; };mÞ be a fuzzy measure space and h : X ! ½0; 1 be }-measurable.
ThenðCÞ
Z
h  m ðSÞ
Z
h  m
				 				 6 ðSÞ Z h  m 1 ðSÞ Z h  m  6 14 :This indicates that the diﬀerence of the truth value of a quantiﬁed proposition modeled by Choquet integral
and Sugeno integral does not exceed 1
4
. Moreover, it follows from Lemma 5.1 that if ðSÞ R h  m takes values on
0 or 1, then ðCÞ R h  m ¼ ðSÞ R h  m. This illustrates that if the quantiﬁed formula ðQxÞu is absolutely valid or
absolutely invalid in the sense of Sugeno integral, so is it in the sense of Choquet integral.
Lemma 5.2 [25, Proposition 2.3]. If m is a 0–1 fuzzy measure (i.e. m is a fuzzy measure whose range is f0; 1g),
then for every measurable function h : }! ½0; 1;ðCÞ
Z
h  m ¼ ðSÞ
Z
h  m:
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That is to say, if the predicate of the statement ‘‘QXs are As” is crisp, then the truth values of the statement
based on the Sugeno and Choquet integral coincide. However, their logical properties may be diﬀerent, since
they adopt diﬀerent logical operations.
As pointed out in Section 2, the evaluation based on Sugeno integrals [40] fulﬁls the properties independence
of order in the elements of the referential, induced operators, coherence with fuzzy logic, correct generalization,
quantiﬁer monotonicity, local monotonicity, convexity, not to ‘‘strict”, and Continuity and smoothness in behav-
ior. External negation, antonym and duality do not hold. The property decomposition in this paper is weaker
than that in [40], while the duality in [40] is weaker than that in the present paper shown in Theorem 4.1. As
pointed out in Remark 4.4, the prenex normal form theorem in this paper is stronger than that in [40].
Now we consider the applications of the Sugeno and Choquet integrals semantics of quantiﬁers. Ying [40]
presented some simple examples concerned with the problems of weather, health data summarization and soft
database queries. This paper gives an simple example with regard to the problem of multi-criteria decision
making. In fact, both the Sugeno and Choquet integrals semantics of quantiﬁers can be applied to these prob-
lems (it suﬃces to evaluate the quantiﬁed statement by one type of integral instead of the other).
6. Conclusions and further work
In this paper, we present the Choquet integral semantics of linguistic quantiﬁers in which a quantiﬁer is
represented by a family of fuzzy measures and the truth value of a quantiﬁed proposition is calculated by using
Choquet integral. Some nice logical properties of linguistic quantiﬁers are obtained. The fulﬁllment of the
most desired properties elucidates the reasonableness of our Choquet integral semantics of linguistic quanti-
ﬁers. The comparisons of our Choquet integral approach with other approaches are made, in particular with
Ying’s Sugeno integral approach.
For further practical studies, it has been pointed out [12,22,29] that in multi-criteria decision making, the
Sugeno integral is more adapted to qualitative problems and the Choquet integral is better suited for quan-
titative problems. Naturally, one question that arises is which integral is suited for resolving which kind of
actual problem concerned with linguistic quantiﬁers. This would be an interesting topic.
For further theoretical studies, ‘‘product” and ‘‘probabilistic sum” operations, as mentioned in Remark 3.3,
may be replaced by a general t-norm and t-conorm, respectively. In this case, the corresponding model’s log-
ical properties should be carefully examined. In addition, we wish to see whether there exists a uniﬁed
approach to evaluate quantiﬁed statements by fuzzy integrals and whether it is axiomatizable.
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Appendix
Proof of Lemma 3.1. It is obvious that (1) and (2), (3) and (4) are equivalent, respectively. Sincefx 2 X : hðxÞ > kg ¼
[1
n¼1
x 2 X : hðxÞP kþ 1
n
 

;
fx 2 X : hðxÞP kg ¼
\1
n¼1
x 2 X : hðxÞ > k 1
n
 

;then (1) and (3) are equivalent. (5) implies (2) is clear, and it follows fromfx 2 X : k 6 hðxÞ < lg ¼ fx 2 X : hðxÞP kg  fx 2 X : hðxÞP lg
that (1) entails (5). This completes the proof. h
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fx 2 X : f ðxÞ > gðxÞg 2 }. If x0 2 fx 2 X : f ðxÞ > gðxÞg, i.e., f ðx0Þ > gðx0Þ, then there exists a rational number
r 2 ½0; 1 such that f ðx0Þ > r > gðx0Þ, i.e., x0 2 fx 2 X : f ðxÞ > rg \ fx 2 X : gðxÞ < rg, and vice versa.
Consequently,fx 2 X : f ðxÞ > gðxÞg ¼
[1
n¼1
½fx 2 X : f ðxÞ > rng \ fx 2 X : gðxÞ < rng 2 }where r1; r2; . . . are all rational numbers in [0,1]. h
Proof of Lemma 3.3. It is ﬁrst shown that cf ðxÞ is }-measurable, where c 2 ½0; 1. For c ¼ 0, it is obvious that
0 is }-measurable. For c 6¼ 0, it suﬃces to note that for all k 2 ½0; 1,fx 2 X : cf ðxÞ > kg ¼ x 2 X : f ðxÞ > k
c
 

2 }:Also, 1f (if well-deﬁned) is }-measurable, sincex 2 X : 1
f
ðxÞ > k
 

¼ fx 2 X : f ðxÞ > 0g \ x 2 X : f ðxÞ < 1
k
 

2 }:By Lemma 3.2 and Corollary 3.1, we have for all k 2 ½0; 1,
fx 2 X : ð1 f ÞðxÞ > kg ¼ fx 2 X : f ðxÞ < 1 kg 2 };
fx 2 X : ðfgÞðxÞ > kg ¼ fx 2 X : gðxÞ > 0g \ x 2 X : f ðxÞ > k
g
ðxÞ
 

2 };
fx 2 X : ð1 f þ fgÞðxÞP kg ¼ fx 2 X : gðxÞ < 1g \ fx 2 X : f ðxÞ½
6 1 k
1 g
 
ðxÞg

[ fx 2 X : gðxÞ ¼ 1g 2 };andfx 2 X : ðf þ g  fgÞðxÞP kg ¼ fx 2 X : gðxÞ < 1g \ x 2 X : f ðxÞP 1 1 k
1 g
 
ðxÞ
 
 
[ fx 2 X : gðxÞ ¼ 1g 2 }: Proof of Lemma 3.4. The sets HðkÞ areHðkÞ ¼
;; if k > hðxnÞ;
X i; if hðxi1Þ < k 6 hðxiÞ;
X ; if k 6 hðx1Þ:
8><>:
Therefore,ðCÞ
Z
h  m ¼
Z 1
0
mðHðkÞÞdk ¼
Z hðx1Þ
0
mðX Þdkþ
Xn
i¼2
Z hðxiÞ
hðxi1Þ
mðX iÞdkþ
Z 1
hðxnÞ
mð;Þdk
¼ hðx1ÞmðX Þ þ
Xn
i¼2
ðhðxiÞ  hðxi1ÞÞmðX iÞ:If we develop and regroup this expression, we haveðCÞ
Z
h  m ¼
Xn
i¼1
hðxiÞðmðX iÞ  mðX iþ1ÞÞwhere X i ¼ fxi; xiþ1; . . . ; xng for 1 6 i 6 n and Xnþ1 ¼ ;. h
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(1) For all a 2 ½0; 1, if a 6 c, then mðHðaÞÞ ¼ mðfx 2 X : cðxÞP agÞ ¼ mðX Þ ¼ 1; otherwise,
mðHðaÞÞ ¼ mð;Þ ¼ 0. Therefore,(5)ðCÞ
Z
c  m ¼
Z 1
0
mðHðaÞÞda ¼
Z c
0
1da ¼ c:(2) Since hðxÞ 6 h0ðxÞ for every x 2 X , it is clear that HðaÞ  H 0ðaÞ for each a 2 ½0; 1, and then
mðHðaÞÞ 6 mðH 0ðaÞÞ for each a 2 ½0; 1. Monotonicity of the Riemann integral suﬃces to prove the
result.
(3) Since m1ðHðaÞÞ 6 m2ðHðaÞÞ for every a 2 ½0; 1, by the monotonicity of the Riemann integral,ðCÞ
Z
h  m1 ¼
Z 1
0
m1ðHðaÞÞda 6
Z 1
0
m2ðHðaÞÞda ¼
Z
h  m2:(4) For b ¼ 0, the result holds clearly. For b 2 ð0; 1Þ,ðCÞ
Z
bh  m ¼
Z 1
0
mðfx 2 X : bhðxÞP agÞda ¼
Z 1
0
m x 2 X : hðxÞP a
b
n o 
da ¼ b
Z 1
b
0
mðfx 2 X : hðxÞ
P cgÞdc ¼ b
Z 1
0
mðfx 2 X : hðxÞP cgÞdcþ b
Z 1
b
1
0dc ¼ bðCÞ
Z
h  m:Z Z 1 Z 1
ðCÞ h  m ¼
0
mðfx 2 X : hðxÞP agÞda ¼
0
mðAÞda ¼ mðAÞ:(6) If we denote f ðaÞ ¼ mðHðaÞÞ and f 0ðaÞ ¼ mðHðaÞÞ, then it suﬃces to show thatZ 1
0
f ðaÞda ¼
Z 1
0
f 0ðaÞda:Since mðHðaÞÞ  mðHðaÞÞ,Z 1
0
f 0ðaÞda 6
Z 1
0
f ðaÞda:Moreover, f ðaþ eÞ 6 f 0ðaÞ for any e > 0 and for any a > 0. Then for any e > 0,Z 1
0
f ðaþ eÞda 6
Z 1
0
f 0ðaÞda:If we substitute the variable c for aþ e in the ﬁrst integral, then for any e > 0,Z 1þe
e
f ðcÞdc 6
Z 1
0
f 0ðaÞda:Let e! 0, we haveZ 1
0
f ðcÞdc 6
Z 1
0
f 0ðaÞda:This completes the proof. hReferences
[1] S. Barro, A.J. Bugarin, P. Carinena, F. Diaz-Hermida, A framework for fuzzy quantiﬁcation models analysis, IEEE Transactions on
Fuzzy Systems 11 (2003) 89–99.
[2] J. Barwise, R. Cooper, Generalized quantiﬁers and natural language, Linguistics and Philosophy 4 (1981) 159–219.
582 L. Cui, Y. Li / Internat. J. Approx. Reason. 48 (2008) 559–582[3] M.J. Bolan˜os, L.M. de Campos, A. Gonza˜lez, Convergence properties of the monotone expectation and its application to the
extension of fuzzy measures, Fuzzy Sets and Systems 33 (1989) 201–212.
[4] P. Bosc, L. Lietard, Monotonic quantiﬁed statements and fuzzy integrals, in: Proceedings of the NAFIPS/IFIS/NASA 94, the First
International Joint Conference of the North American Fuzzy Information Processing Society Biannual Conference, the Industrial
Fuzzy Control and Intelligent Systems Conference, and the NASA Joint Technolo, 1994, pp. 8–12.
[5] L.M. de Campos, M.J. Bolan˜os, Representation of fuzzy measures through probabilities, Fuzzy Sets and Systems 31 (1989)
23–36.
[6] M. Delgado, D. Sanchez, M.A. Vila, Fuzzy cardinality based evaluation of quantiﬁed sentences, International Journal of
Approximate Reasoning 23 (2000) 23–66.
[7] D. Dubois, H. Prade, Fuzzy cardinality and the modeling of imprecise quantiﬁcation, Fuzzy Sets and Systems 16 (1985) 199–
230.
[8] I. Glockner, DFS – An Axiomatic Approach to Fuzzy Quantiﬁcation, Technical Report TR97-06, University of Bielefeld, 1997.
[9] I. Glockner, A Framework for Evaluating Approaches to Fuzzy Quantiﬁcation, Technical Report TR99-03, University of Bielefeld,
1999.
[10] I. Glockner, Evaluation of quantiﬁed propositions in generalized models of fuzzy quantiﬁcation, International Journal of
Approximate Reasoning 37 (2004) 93–126.
[11] I. Glockner, Fuzzy quantiﬁers: a computational theory, Studies in Fuzziness and Soft Computing, vol. 193, Springer, Berlin, 2006.
[12] D. Iourinski, F. Modave, Qualitative multicriteria decision making based on the Sugeno integral, in: Proceedings of the 22nd
International Conference of the North American, 2003, pp. 444–449.
[13] J. Kacprzyk, A. Ziolkowski, Databases queries with linguistic quantiﬁers, IEEE Transctions on Systems, Man and Cybernetics 16
(1986) 474–478.
[14] J. Kacprzyk, M. Fedrizzi, H. Nurmi, Group decision making with fuzzy majorities represented by linguistic quantiﬁers, in: J.L.
Verdegay, M. Delgado (Eds.), Approximate Reasoning Tools for Artiﬁcial Intelligence, TUV, Rheinland, 1990, pp. 126–145.
[15] E.L. Keenan, Some properties of natural language quantiﬁers: generalized quantiﬁer theory, Linguistics and Philosophy 25 (2002)
627–654.
[16] E.P. Klement, R. Mesiar, E. Pap, Triangular Norms, Kluwer Academic Publisher, Dordrecht, 2000.
[17] J. Lawry, A methodology for computing with words, International Journal of Approximate Reasoning 28 (2001) 51–58.
[18] J. Lawry, A framework for linguistic modelling, Artiﬁcial Intelligence 155 (2004) 1–39.
[19] P. Lindstro¨m, First order predicate logic with generalized quantiﬁers, Theoria 32 (1966) 186–195.
[20] Y. Liu, E.E. Kerre, An overview of fuzzy quantiﬁers (I): interpretations, Fuzzy Sets and Systems 95 (1998) 1–21.
[21] Y. Liu, E.E. Kerre, An overview of fuzzy quantiﬁers (II): reasoning and applications, Fuzzy Sets and Systems 95 (1998) 135–
146.
[22] F. Modave, P. Eklund, A measurement theory perspective for mcdm, in: Proceedings of the 10th Fuzz-IEEE Conference, 2001, pp.
1068–1071.
[23] A. Mostowski, On a generalization of quantiﬁers, Fundamenta Mathematicae 44 (1957) 12–36.
[24] T. Murofushi, M. Sugeno, An interpretation of fuzzy measures and the Choquet integral as an integral with respect to a fuzzy
measure, Fuzzy Sets and Systems 29 (1989) 201–227.
[25] T. Murofushi, M. Sugeno, Some quantities represented by the Choquet integral, Fuzzy Sets and Systems 56 (1993) 229–235.
[26] L.W. Pei, Typical Problems and Methods in Mathematical Analysis, Higher Education Press, Beijing, 1993 (in Chinese).
[27] A.L. Ralescu, Cardinality, quantiﬁers, and the aggregation of fuzzy criteria, Fuzzy Sets and Systems 69 (1995) 355–365.
[28] D.G. Schwartz, Dynamic reasoning with qualiﬁed syllogisms, Artiﬁcial Intelligence 93 (1997) 103–167.
[29] R. Smolı´kova´, M.P. Wachowiak, Aggregation operators for selection problems, Fuzzy Sets and Systems 131 (2002) 23–34.
[30] M. Sugeno, Theory of Fuzzy Integrals and its Applications, Ph.D. Thesis, Tokyo Institute of Technology, 1974.
[31] J. van Benthem, Questions about quantiﬁers, Journal of Symbolic Logic 49 (1984) 443–466.
[32] J. van Eijck, Generalized quantiﬁers and traditional logic, in: J. van Benthem, et al. (Eds.), Generalized Quantiﬁers, Theory and
Applications, Foris, 1985.
[33] R.R. Yager, Quantiﬁed propositions in a linguistic logic, International Journal of Man–Machine Studies 19 (1983) 195–227.
[34] R.R. Yager, General multiple-objective decision functions and linguistically quantiﬁed statements, International Journal of Man–
Machine Studies 21 (1984) 389–400.
[35] R.R. Yager, On ordered weighted averaging aggregation operators in multicriteria decision making, IEEE Transactions on Systems,
Man and Cybernetics 18 (1) (1988) 183–190.
[36] R.R. Yager, Connectives and quantiﬁers in fuzzy sets, Fuzzy Sets and Systems 40 (1991) 39–75.
[37] R.R. Yager, Families of OWA operators, Fuzzy Sets and Systems 59 (1993) 125–148.
[38] R.R. Yager, Interpreting linguistically quantiﬁed propositions, International Journal of Intelligent Systems 9 (1994) 541–569.
[39] M.S. Ying, The ﬁrst-order fuzzy logic (I), in: Proceedings of the 16th IEEE International Symposium on Multiple-Valued Logic,
Virginia, 1986, pp. 242–247.
[40] M.S. Ying, Linguistic quantiﬁers modeled by Sugeno integrals, Artiﬁcial Intelligence 170 (2006) 581–606.
[41] L.A. Zadeh, PRUF-a meaning representation language for natural language, Internatonal Journal of Man–Machine Studies 10 (1978)
395–460.
[42] L.A. Zadeh, A computational approach to fuzzy quantiﬁers in natural language, Computers and Mathematics with Applications 9
(1983) 149–184.
